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Abstract: We show that the Nahm equation which describes a fuzzy D3-brane in 
the presence of a -B-field can be derived as a boundary condition of the Fl-strings 
ending on the D3-brane, and that the modifications of the original Nahm equation 
by a .B-field can be understood in terms of the noncommutative geometry of the 
D3-brane. Naturally this is consistent with the alternative derivation by quantising 
the open strings in the -B-field background. We then consider a configuration of 
multiple M2-branes ending on an M5-brane with a constant 3-form C-field. By 
analogy with the case of strings ending on a D3-brane with a constant .B-field, one can 
expect that this system can be described in terms of the boundary of the M2-branes 
moving within a certain kind of quantum geometry on the M5-brane worldvolume. 
By repeating our analysis, we show that the analogue of the -B-field modified Nahm 
equation, the C-field modified Basu-Harvey equation can also be understood as a 
boundary condition of the M2-branes. We then compare this to the M5-brane Blon 
description and show that the two descriptions match provided we postulate a new 
type of quantum geometry on the M5-brane worldvolume. Unlike the D-brane case, 
this is naturally expressed in terms of a relation between a 3-bracket of the M5-brane 
worldvolume coordinates and the C-field. 
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1. Introduction and Summary 

One of the most interesting recent developments in string theory is the discovery of 
a description of the conformal field theory describing multiple membranes [1-4]. The 
Bagger-Lambert (BL) theory [1-3] was originally motivated by trying to construct 
an action with manifest M = 8 superconformal symmetry, based on a BPS equation 
postulated by Basu and Harvey [5]. This naturally led to an action with a non- 
Abelian symmetry based on a 3-algebra. Unfortunately this is problematic as there 
is only one example of such a 3-algebra, describing 2 M2-branes [6]. Attempts have 
been made to circumvent this difficulty by relaxing some of the constraints on the 
3-algebra. E.g. relaxing the requirement for the 3-algebra to have a Euclidean metric 
turns out to give a consistent action describing N branes [7], but it appears that 



- 1 - 



this gives an alternative description of the low energy limit of N D2-branes rather 
than M2-branes [8]. However, it has been argued that the M2-brane theory can 
be described by a non-Abelian twisted Chern-Simons theory [9] which has manifest 
Af = 6 superconformal symmetry. This theory was not described using a 3-algebra, 
but it has been shown that there is an equivalent description using a type of 3-algebra 
which is not completely anti-symmetric [10]. It therefore seems that the 3-algebra 
is not needed to describe multiple M2-branes, but it can be used and indeed can be 
viewed as a natural way to encode various constraints on the couplings and matter 
content of the theory. 

The M5-brane is another mysterious object in M-theory. It is somewhat anal- 
ogous to a D-brane in string theory, in the sense that M2-branes can end on it. 
However, it contains a self-dual 3-form field strength, rather than the 2-form field 
strength on D-branes. The self-duality of this field leads to technical complications, 
but the action and equations of motion for a single M5-brane are known [11-13]. On 
the other hand, the action or equations of motion for multiple M5-branes are not 
understood as it is not at all clear how to formulate a theory with a non-Abelian 
3-form field strength. It would certainly be interesting to understand more about 
the theory of multiple M5-branes. 

Since M2-branes can end on M5-branes, one may wonder what can be learned 
of the M5-brane from the M2-brane by considering such an intersection. It is known 
that the equations of motion for a single M5-brane can be derived by demanding 
the K-symmetry of the open membrane ending on it [14]. It is also known that this 
intersecting configuration can be described in terms of the M5-brane theory as a Blon 
spike, with the M2-branes emerging from the M5-brane worldvolume. Alternatively, 
it can be described in terms of multiple M2-branes as a fuzzy funnel, with the extra 
3 worldvolume dimensions of the M5-brane arising as a fuzzy 3-sphere. In fact this 
latter description is given by a solution of the Basu-Harvey equation which was 
consequently proposed as a BPS equation for the BL theory of multiple M2-branes. 

In an analogous but simpler system with a string ending on a D-brane, one of the 
interesting results that can be obtained from the open string ending on the D-brane 
is that the D-brane worldvolume becomes noncommutative when there is a constant 
NS 5-field present on the D-brane worldvolume [15-17]. The result can be derived 
by quantising the open string ending on the D-brane. Due to the S-field, the usual 
Neumann boundary condition becomes a mixed one. A proper quantization taking 
account of the boundary condition [18-20] gives the result that the endpoints of 
the open strings, in other words the D3-brane worldvolume coordinates X 1 become 
noncommutative and obey the commutation relation: 

[X\X j }=i6 ij , (1.1) 



- 2 - 



where 9^ is an antisymmetric constant matrix whose components are related to the 
components of the NS -B-field [18] . 

Naturally one would like to repeat the same steps for an M5-brane with a con- 
stant C-field on it and derive the form of quantum geometry on the M5-brane. In 
this case the boundary condition is also a mixed one, but is nonlinear in the bound- 
ary coordinates. The analysis is much more complicated due to the nonlinear nature 
of the membrane action and one can only do an approximate analysis. These re- 
sults were expressed in terms of commutators of the boundary string coordinates 
X l (r, <7i,<72 = 0) and look very complicated [21]. Also it is not clear how the full 
exact results may be obtained in a consistent manner from this approach. 

In this paper we argue that the quantum geometry over the M5-brane naturally 
takes the form 

[X i ,X j ,X k ]=iG iik , (1.2) 

where ufe is a constant completely antisymmetric matrix whose components are 
related to the components of the constant C-field. This suggests that the natural 
language to encode the quantum geometry for the M5-brane in the presence of a 
constant C-field is in terms of a 3-bracket rather than a commutator. 

To start with, we recall the familiar analogous situation in string theory and 
re-derive the noncommutative geometry (1.1) using a new method. Our starting 
point is the observation that the D3-D1 intersecting system can be looked upon as a 
single brane where one kind of brane can be constructed as a solitonic configuration 
of the other system of branes: from the D3-brane point of view, the Dl-branes 
can be described as a magnetic monopole of charge N in the Abelian Born-Infeld 
theory of the D3-brane [22]. In terms of the Dl-strings theory, one can describe the 
D3-brane as a certain solution of the Nahm equation whose transverse scalar fields 
are described by a fuzzy two-sphere [23,24]. The fuzzy dimensions provide the two 
extra dimensions to build up the D3-brane from the Dl-strings. Note that in this 
dual description of the D1-D3 intersecting system, it is necessary to consider a large 
number N of Dl-branes ending on a D3-brane in order for the description to be valid. 

The construction of the D3-brane out of Dl-branes is interesting. However since 
the original system we are describing is really a system of Dl-strings ending on a D3- 
brane, it suggests that one should be able to understand the defining Nahm equation 
as a boundary condition of the open Dl-strings. We show that this is indeed the 
case. The theory we are using here is a matrix theory of the Dl-strings. This way to 
derive the Nahm equation thus provides a new way to understand the intersecting 
D1-D3 branes system. This is one of the main results of this paper. 

One can also include a -B-field in the transverse directions of the Dl-strings, 
corresponding to having a -B-field on the D3-brane. This system has been studied 
both as a Blon spike [25] or as a fuzzy funnel [27]. Basically the bunch of Dl- 
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branes was found to have a deformed shape and to be tilted away from the normal 
to the D3-brane. These features can be explained by a constant shift in the Nahm 
equation. This modified Nahm equation was derived as a BPS equation of the non- 
Abelian Born-Infeld theory of the Dl-branes [27]. Using our new understanding 
of the Nahm equation, we re-derive this equation as a boundary condition of the 
theory of matrix Fl-strings ending on the D3-brane. In this analysis, this shift can 
be understood precisely in terms of the noncommutative geometry (1.1) of the D3- 
brane. Conversely if one did not know about the noncommutative geometry of the 
D3-brane, one could have derived it this way by using the fact that the constant 
shift in the Nahm equation is known to be present by matching with the Blon 
description with 5-field. The noncommutative geometry (1.1) was originally derived 
by quantising the open string in a background 5-field. Our derivation of the Nahm 
equation in the presence of a 5-field thus provides a new way to derive (1.1). This 
is another main result of the paper. 

Our main interest is the M2-M5 intersecting system. Applying the same idea, 
we show that the Basu-Harvey equation can be derived as a boundary condition 
of the theory of multiple M2-branes. We then proceed to include a C-field on the 
M5 brane. The system has been studied from the M5-brane point of view where 
the M2-branes bundle has been constructed as a certain static charge configuration 
protruding out of the M5-brane. Due to the C-field, the M2-branes are static only 
if tilted away from the normal to the M5-brane. The C-field also modifies the shape 
of the M2-branes funnel. It turns out one can reproduce precisely the tilting and 
the shape of the M2-branes funnel from the M5-brane point of view [29, 30] if the 
Basu-Harvey equation is modified in a particular way. We identify and propose this 
modified Basu-Harvey equation as a description of M5-branes with C-field. 

Now just as one can understand the Nahm equation with Z?-field as a boundary 
condition of the theory of open Fl-strings, and since we have already shown that 
the original Basu-Harvey equation can be understood as a boundary condition of 
open membranes, it strongly suggests that one should be able to understand the 
modified Basu-Harvey equation as a boundary condition of open membranes in the 
presence of C-field. We show that this is indeed the case provided that the M5-brane 
worldvolume is described by a quantum geometry of the form (1.2). This is another 
main result of the paper. 

The plan of the paper is as follows. In section 2, we first review the dual de- 
scriptions of the D1-D3 intersecting system in terms of the BPS equations of the 
corresponding Born-Infeld theories: a monopole equation for the Abelian Born-Infeld 
theory for the D3-brane and a Nahm equation for the non- Abelian Born-Infeld theory 
for the Dl-strings. In section 3, we show that the Nahm equation can be understood 
as a boundary condition of the matrix theory of Dl-strings which end on the D3- 
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brane. In section 4, we include a NS 5-field. By using a system of Fl-strings to 
probe the D1-D3 system, we show that the Nahm equation with 5-field can be de- 
rived as a boundary condition of the matrix theory of Fl-strings. In particular we 
show that the Nahm equation with 5-field encodes the noncommutative geometry 
of the D3-brane as well as information about the open string metric [17] on the D3- 
brane. In section 5, we apply our idea to the M2-M5 intersecting system and derive 
the Basu-Harvey equation as a boundary condition of the theory of multiple open 
membranes. We then generalize the Basu-Harvey equation by including a constant 
C-field by checking that our modification results in a fuzzy-funnel configuration of 
M2-branes with an M5-brane at an angle, reproducing the known result from the 
M5-brane Blon solution in a constant C-field. We also show that this equation can 
be understood as the boundary condition of open membranes ending on the M5- 
brane with C-field provided that the quantum geometry (1.2) of the M5-brane holds. 
The paper concludes with some further discussions. 



2. Review of Dual Descriptions of Dl-D3-branes Intersections 

Consider a system of N Dl-strings ending on a D3-brane. The intersecting brane 
system can be described in two different ways in terms of either the D3-brane theory 
or the Dl-strings theory. 

2.1 The Blon solution of the D3-brane 

From the D3-brane theory point of view, the Abelian Born-Infeld action is 

Sds = ~T 3 J d A x det { Vfa , + d,X A d u X A + X(F^ + B^)), (2.1) 
where A = 27TQ;' and 

T v = -r (2.2) 

is the tension for Dp-brane. Here v — 0,1,2,3 are the worldvolume indices of 
the D3-brane, A, B — 4, • • • , 9 are the indices of the transverse space, and B^ v is 
the pull-back of the 5-field to the worldvolume. One finds that the Born-Infeld 
theory supports solitonic configurations which describe Dl-strings protruding from 
the D3-brane [22]. For a configuration with a single transverse excitation X 9 (x l ), 
the Born-Infeld theory (2.1) admits a static BPS equation of the form: 

diX 9 = B i: i,j,k = 1,2,3, (2.3) 

where Bi = \eijkFjk is the magnetic field on the D3-brane. This equation coincides 
with the BPS equation for magnetic monopoles. A simple solution is given by 

X\x l ) = Q , B t = ~f (2.4) 

yjix 1 ) 2 + (x 2 ) 2 + (x 3 ) 2 2r 3 
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where Q := ira'N, N is an integer. This corresponds to placing N units of U(l) 
magnetic charge on the D3-brane and describes a spike of N Dl-strings coming out 
of the D3-brane. It is interesting to note that at a fixed distance X 9 = a from the 
D3-brane, the cross-section of the D3-brane is a 2-sphere with radius 

r(a) = (2.5) 

One can also include a constant NS -B-field on the worldvolume of the D3-brane. 
Let's take a -B-field in the 12-direction, Bi 2 7^ 0. Due to the .B-field, the spherical 
symmetrical is broken. It was found that [25] the solution is modified to one whose 
cross section becomes an ellipsoid 

gj x i (33-0- tana) 2 

r^o-) 2 r 2 (o-) 2 r 3 (o-) 2 

where 

ri(a) = r 2 (cr) = — cosa, r 3 (cr) = — (2.7) 
er a 

and 

tana = 2na'B. (2.8) 

Note that the ellipsoid is centred at the coordinates (x 1 , a; 2 , a; 3 ) = (0, 0, utan a) and 
describes Dl-strings tilted away from the normal to the D3-brane by an angle a. 

2.2 The fuzzy funnel solution of the Dl-branes 

One can also consider the dual description and study the system from the Dl-strings 
point of view. The Born-Infeld action is [26] 

S m = ~Ti J d 2 a STr [v 7 - det (P ab [E M n + E MI (Q-^ - 5) IJ E JN ] + A F ah ) det(Q'j)] , 

(2.9) 

where 

E mn = G M n + B mn , and Q 1 j := 5 1 j + i\ [$ 7 , $ K ] E KJ (2.10) 

and are scalar fields of mass dimension. The matrix transverse coordinates are 
defined by X' 1 = 2ira'&\ Here a, b = a,r are the worldvolume indices of the Dl- 
branes, J, J,K = 1, • • • ,8 are the indices of the transverse space, and M, N are the 
ten-dimensional spacetime indices. As was shown in [23,24], the static solution of 
the non-Abelian Born-Infeld theory of the Dl-branes satisfies the Nahm equation 

d a <f> i = i±e ijk [&,Q k ], (2.11) 
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where (r,a) are the worldsheet coordinates of the Dl-branes and 6123 = 1. The 
solution $ = corresponds to an infinitely long bundle of coincident Dl-branes. 
In [23], another solution was found by allowing a singular boundary condition 1 at 
a — (see (2.13) below). This new solution describes a fuzzy 2-sphere 

¥(a) = f(a)a\ (2.12) 

where a % form an N x N representation of the generators of an SU (2) subgroup of 
SU(N), [a\a j ] = 2e ljk a k and / is given by 

t = h (2 ' 13) 

Note that <3> diverges at a — 0. As emphasised in [23], this new feature was essential 
to their construction. 

This fuzzy funnel solution carries the correct RR charge and tension to be iden- 
tified with an orthogonal D3-brane. It also matches nicely with the Blon solution in 
the large N limit. To see this, we note that at a fixed point a on the Dl-branes, the 
geometry is that of a fuzzy sphere with radius R given by 

R 2 = i-trpT) 2 . (2.14) 

This gives for the above solution 

R{a) = « (2.15) 

|er| \o~\ 

for large N. This matches precisely with the relation (2.5) derived above for the 
Blon solution. 

One may also add a NS B-field in the spatial directions transverse to the Dl- 
brane. For a constant B field with B12 := B 7^ 0, the effect of the 5-field to the 
Dl-brane Born-Infeld action was found to modify the Nahm equation [27] to 

d^^i^e^^^+SfiB), (2.16) 

where the rescaled fields 4> % are defined by 

1 := y/l + (27ra'B) 2 $ 1 , 2 := y/l + (2ixa' B) 2 <S> 2 , 3 := $ 3 . (2.17) 
The modified Nahm equation has the solution 

<P l = fXa)a l -5\Ba, (2.18) 



1 This singular boundary condition was first discussed in the context of D-branes in [31]. Some 
other boundary conditions were considered in [32]. We emphasis that these are a different kind of 
boundary condition from what we are going to derive in the next section. 
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where / is the same as (2.13) above. To compare with the Blon solution described in 
section 2.1, one should go the description in terms of X 1 . Using the scaling (2.17), the 
solution (2.18) becomes a fuzzy ellipsoid with radii (2.7) and a tilting given precisely 
as in (2.8). 

Before we close this section, it is instructive to rewrite the Nahm equation (2.16) 
in terms of the physical variables X 1 : 

d 9 X i = j^[X',X\ i,j = 1,2, 

d a X 3 = 1(1 + {2na'B) 2 ) ([X 1 , X 2 ] + ie) , (2.19) 
where 6 is the constant 

In the following two sections we will show that the (modified) Nahm equation can be 
derived as a boundary condition for the open Dl-strings or Fl-strings ending on a D3- 
brane. In particular the understanding of the Nahm equation as boundary condition 
of the Fl-strings will provide us a understanding to the modification of the Nahm 
equation (2.19) in the presence of a constant £>-field in terms of the noncommutative 
geometry of the D3-brane. 



3. Nahm Equation as Boundary Condition of Dl-strings 

In this section we show how to derive the Nahm equation as a boundary condition 
of the matrix theory of Dl-strings. Let us start by writing down the action of the 
matrix theory of Dl-strings. This can be derived by taking the Yang-Mills (a' — > 0) 
limit of the Born-Infeld action (2.9) for the Dl-strings. The fluctuations give the 
matrix string action (the bosonic part) 



>D1 



d atr 



ah 



(3.1) 



where X 1 = A$ 7 and I, J = 1, • • • ,8. Since Dl-strings are magnetic sources for the 
Abelian gauge field on the D3-brane, they couple to the dual Abelian gauge field 
through the boundary coupling 



-I 

9s J 



dr tr 



Mx»{t)) 



dX»{r) 
dr 



(3.2) 



where 



x»{t,<j) : =-trX»(T,a) 



(3.3) 
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is the center of mass coordinate of the matrix string coordinates and the sum is over 
fj, = 0, 1, • • • 3. We will comment more on this coupling in section 4.2. Here F := dA 
is the Hodge dual of the field strength F := dA. In general, under 5-duality, F is 
transformed to S[F], which in the leading order is S[F] = F. 

With this coupling, the boundary conditions for the fields X 1 of the Dl-strings 
are (a = 0): 

X* = fixed, i' = 4, • • • , 8, (3.4) 

1 -d^X 1 = F 0i + F/d T X j , z = 1,2,3, (3.5) 



2na 

where F is the field strength of the gauge field A. (3.5) can be written in a more 
illuminating way as 

-^—{dvX 1 + 2na > C l J d T X j ) = F 0i , (3.6) 

where Cy := Fij corresponds to a RR 2-form potential and the LHS is simply the 
mixed boundary condition one would obtain for the Dl-strings if there is a RR 2- 
form. Since there is only a NS 5-field in our background, we will consider the case 
that F^ = and the boundary condition (3.5) reduces to 

-i^X* = F 0i . (3.7) 

Note that the electric field F ' 1 is by definition equal to the magnetic field Bi = 
^€ijkFj k . With the coordinate dependence explicitly spelt out, the boundary condi- 
tion (3.5) for the Dl-strings can thus be written as 

-^drX'ia = 0) = I eijfc F' V, ^ * 3 ) h J, k = l,2, 3, (3.8) 

where x l = tr(X*(a = 0))/N are the coordinates of the Dl-strings endpoint on the 
D3-brane. This is the equation we are interested in. Since this equation tells us 
about the presence of the D3-brane and its properties, one is tempted to think of 
(3.8) as the defining equation for the D3-brane. Note that since F^ is a singlet in 
the U(N) gauge group of the Dl-strings theory, X l (a = 0) = x l l and (3.8) becomes 
a simple condition on the boundary coordinates of the center of mass string. 

However, from the very general spirit of matrix model, one would expect to be 
able to construct the higher dimensional D3-brane from the Dl-strings by exciting 
the transverse scalar fields of the Dl-strings theory. In Figure la, the circle denotes 
the endpoint of the open string where the equation (3.8) holds. By exciting the 
transverse scalars on the Dl-strings, the D3-D1 system becomes something like in 
Figure lb. It is somewhat arbitrary whether one would like to interpret the transverse 
scalars X 1 as describing the geometry (in a generalized sense) of the D3-brane or as 
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D3= {1,2,3} 



B 



V 



endpoint a 





x 9 = 


o 

= 


Dl 



D3 Dl with excited configuration in X 




X 9 = a 



matching point X 3 = a 



(b) 



Figure 1: Boundary condition of Dl-strings ending on D3-brane. 



a scalar field configuration of the Dl-branes theory. Let us consider a dividing point 
at X 9 = a > and interpret the region on the LHS of it as describing a D3-brane, 
and the region on the RHS as describing the Dl-strings, then the boundary condition 
(3.8) becomes 

l ! 

(3.9) 



J^d a X\a ) = ±e ijk Fi k (X\X 2 : X 3 ) : 



where X % = X ! (cr ) denotes the matrix coordinates of the D3-brane and describes the 
"geometry" of the D3-brane. At the same time also becomes an N x N matrix. 

Perhaps the simplest way to interpret (3.9) is to consider iV widely separated 
Dl-strings. Each would have a boundary condition of the form of (3.8) 



1 



1 



27va' 



d c X { = -e ijk Fi k (x\x 2 ,x 3 ) i,j,k= 1,2,3, 



(3.10) 



where X 1 are the coordinates of the Dl-string and x % = X l (a = 0) are the coor- 
dinates of the Dl-string endpoint on the D3-brane. Now, in general we have an 
N x N matrix description of the Dl-strings coordinates, and we would expect to re- 
cover these N individual boundary conditions only for configurations where we could 
simultaneously diagonalise the matrices. Therefore, in general we expect a matrix 
equation of the form 



1 



1 



27TO' 



d c X { = -e ijk F jk i,j,k = 1,2,3, 



(3.11) 



where i™ is an iV x iV matrix encoding the value of the D3-brane U(l) field strength 
at the endpoints of the N Dl-strings, whose positions are given by the eigenvalues of 
the N x N matrices X 1 . The matrices i™ can be viewed as arising from a standard 
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matrix discretisation of two worldvolume coordinates of the D3-branes, transforming 
the functional dependence of the fields on these coordinates into the discrete labels of 
the resulting matrices. When we further consider the situation at large N illustrated 
in Figure lb where the Dl-strings actually generate the D3-brane, the D3-brane 
U(l) field strength, and hence the N x N matrix F tj in (3.11) must be constructed 
from the fields in the Dl-strings action. We therefore arrive at (3.9). Note that this 
construction of the D3-brane could alternatively be viewed as a specific discretisation 
of the D3-brane. 

Now, the precise form of i™ (X) can be fixed by requiring that the action of a 
configuration supported by X 1 in the matrix string theory should match with that 
of the corresponding YM terms of the D3-brane action 

Sm = -T 3 J d'x {^-{d,X A f + (3.12) 

in the large N limit. Doing so requires that 

i?y = 7o- L A2[* < > JP ']> ^ = 1 >2,3 (3.13) 
(lira ) z 

and 

f d 4 x = (2tt/ s ) 2 / dVtr (3.14) 



where we have used Ti/T 3 = (27r/ s ) 2 . 

With this identification, the boundary condition for the matrix theory of Dl- 
strings reads: 

d a &= l -e ijk [&,<$>% (3.15) 

at a = er . However since the dividing point cr is completely arbitrary, we conclude 
that the D1-D3 system depicted in figure lb can be described by (3.15) for arbitrary 
a > 0. Amazingly this is precisely the Nahm equation (2.11) derived from the Born- 
Infeld theory of the Dl-strings. Here we have derived it as a boundary condition of 
the Dl-strings matrix model. 

We remark that the identification (3.13) is derived in the large iV limit where 
the descriptions of the D1-D3 system in terms of the D3-brane Born-Infeld theory 
and the Dl-branes Born-Infeld theory completely overlap [23,24]. For finite N, there 
will be higher derivative corrections to the Born-Infeld actions. In general the two 
descriptions overlap only for a range of a which depends on N and the identification 
(3.13) holds in this range. Outside this range, the identification (3.13) and equation 
(3.15) will receive 1/N corrections. 

One can repeat the above analysis to include a -B-field in the transverse directions 
of the Dl-strings. Given the non-Abelian Born-Infeld action (2.9) for the Dl-strings, 
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one can derive how the -B-field modifies the matrix string action. We obtain the 
following relevant terms in the Dl-strings action: 



5 



Dl 



d 2 a 



A 2 
2 



tr 



i\2 



-([0 1 ,0 3 ] 2 + [0 2 ,0T + ([0 1 ) 2 ]+^) + 



z.3l2 



.(3.16) 



Identifying the scalar interaction terms in the Dl-strings action with F 2 terms in the 
D3-brane YM action derived from (2.1) with B := B± 2 ^ 0: 



Sd3 — —T3 J 

we need (3.14) and 



d A x 



VI + A 2 B 2 



F ij =i[<p\<p 3 } -Be 



3ij 



(3.17) 



(3.18) 



which is a modified version of the identification (3.13). As we will argue below, the 
boundary condition in the presence of the -B-field should take the form 



(3.19) 



Therefore we obtain precisely the modified Nahm equation (2.16) when (3.18) is 
substituted into (3.19). This is how the Nahm equation gets modified by the -B-field 
from the point of view of the Dl matrix string theory. 

We note that the boundary condition (3.19) can be obtained from (3.16) by 
including the boundary coupling 



gWl + \ 2 B 2 



dr tr 



r 



dr 



(3.20) 



in the gauge Aq = 0. This coupling can be seen by the following argument. We note 
that (3.16) has an 5*0(3) invariance if we transform the fields 0* and the external 
field Bij as a triplet of 5*0(3). The boundary coupling should therefore respect the 
same symmetry. This is so because, due to the tensor gauge symmetry which keeps 
B^ + invariant, one can see that eijkF ok , i.e. A 1 transforms in the same way as a 
triplet of 50(3). As for the overall factor in (3.20), we note that a NS .B-field with 
only B12 7^ should affect the magnetically charged Dl endpoint only in the 3rd 
direction. This fixes the overall coefficient since 1,2 = yl + \ 2 B 2 X 1 ' 2 . 

We remark that a similar analysis cannot be carried through to the M2-M5 
system since a Born-Infeld type action for multiple M2-branes which includes the 
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effect of the C-field is not available 2 . Therefore to derive the C-field modified Basu- 
Harvey equation as a boundary condition of M2-branes, we will have to follow a 
different route. 

In the next section we will provide another new way to understand the Nahm 
equation: as boundary condition of the system of Fl-strings probing the D1-D3 
system. Technically this approach has the advantage that the coupling of the NS 
-B-field to the Fl-strings is much simpler than that to the Dl-strings. Conceptually, 
this approach allows us to understand this shift in the Nahm equation as the non- 
commutative geometry of the D3-brane in the presence of a 5-field. We will see that 
this approach can be applied directly to the M2-M5 system and allows us to derive 
the form of the quantum geometry over the M5-brane in the presence of a C-field. 

4. Nahm Equation from Boundary Condition of Fl-strings 

4.1 Matrix theory of IIB strings 

According to the proposal of Banks, Fischler, Shenker and Susskind [35], the full 
M-theory in the infinite momentum frame is described by the large N limit of a 
U(N) supersymmetric quantum mechanics of DO-particles where N is the number 
of DO-particles. Compactification of the matrix theory on a spatial circle yields a 
description of the IIA superstrings by a two-dimensional supersymmetric Yang-Mills 
theory [36-38]. In particular, by performing a 9-11 flip, Dijkgraaf, Verlinde and Ver- 
linde [38] obtained a description of the type IIA string theory in the lightcone gauge 
in terms of a (l + l)-dimensional U(N) Yang-Mills theory with M = 8 supersymmetry 



Here the 8 scalar fields X 1 , I = 1 • • • ,8 and the 8 fermions fields 9^ are N x N 
Hermitian matrices. The fields X I ,9 OL ,9 OL transform respectively in the 8,, vector, 
and 85 and 8 C spinor representations of the 5*0(8) R-symmetry group. 

As usual, the spacetime coordinates of the strings are identified with the eigen- 
values of the X 1 . The integral is over a cylindrical (1 + l)-dimensional space, with 
coordinates r and a ~ a + 2n. The fields do not necessarily have the same peri- 
odicity since they can be identified up to a gauge transformation under this shift 
in a. Such a gauge transformation can permute the eigenvalues, leading to the in- 
terpretation of the configuration as a collection of closed strings, each with some 

2 See [33] for some results on nonlinear generalization of the BL theory, but note that these 
results do not contain a C-field. 




(4.1) 
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periodicity a ~ a + 2nn, where this integer n also determines the lightcone momen- 
tum of this string. Hence the integer N determines the total lightcone momentum, 
not the number of closed strings. 

The Yang-Mills coupling is dimensionful and is related to the string coupling and 
the string length as 

9ym = \- (4.2) 

9sls 

It was shown [38] that in the IR limit of the SYM theory, the theory become strongly 
coupled and the diagonal components of the N x N matrices decouple from the 
off-diagonal components in this g s — > limit. Moreover, it was shown that the 
IR dynamics of the diagonal elements is described by a sigma model with orbifold 
target space (R 8 ) N /Sn and the Hilbert space of quantum states of this conformal 
field theory is the same as those for the second quantized type IIA superstring theory. 

A T-duality relates the theory of IIA strings with the theory of IIB strings, where 
the same action (modulo a different chirality assignment of the spinors) now describes 
IIB strings. In this description, the action (4.1) with the spinors 8 a ,9 a being both 
85 of 5*0(8) describes IIB strings stretched in the 9-th direction. Another way to 
derive this result is to note that under T-duality (i.e. instead of doing the 9-11 flip), 
the compactified BFSS matrix theory describes a theory of Dl-strings. A further S- 
duality turns it into the theory of IIB Fl-strings. Note that N measures the lightcone 
momentum p + in the IIA matrix string theory, while it measures the winding number 
in the IIB matrix string picture. 

4.2 Matrix open string coupling to non-Abelian gauge field 

Consider a stack of N p Dp-branes whose worldvolume theory is given by a U(N P ) 
gauge theory. We would like to derive the coupling of the worldvolume gauge field 
to the matrix open string. Denote the worldvolume coordinates by x M , \i = 
0, 1, • • • ,p. The gauge field transforms as 

A^U^A^U + U^d^U. (4.3) 

We propose a coupling of the form naturally expected for a single string ending on 
a single Dp-brane 



I (h 1 r 

where 



dr 



(4.4) 



x»(T,a):=±trX%T,a) (4.5) 

is the center of mass coordinate of the matrix string coordinates and the sum in (4.4) 
is over /i — 0, 1, • • - p. 
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In the following we make a few comments about this coupling. 

1. We note that the above coupling can be made gauge covariant in the following 
manner. For convenience, we introduce a noncommutativity over the worldvolume 

[y^,y u ] = iO^, 9^ constant and invertible, (4.6) 

and introduce the field 

Cp^-He-^ + AM. (4.7) 
Unlike A^, transforms covariantly 

C, - U~ l C,U. (4.8) 

Note that since [C M , C v \ = %Q~l + F^, where := d^A u - d v A fl + [A^ A u ] is the 
field strength for A^, 

tr[^,a] 2 = iV^ 2 + trF^. (4.9) 

The first term on the RHS is a constant and can be dropped. Therefore we can use 
tr[C M , C u } 2 as the Lagrangian and the description in terms of C has a smooth limit 
as 6 — > 0. The coupling (4.4) can be made gauge invariant by replacing Aj, with Cj 
and dX % jdr by D T X l . However, it is the term above which describes the dynamics 
of the open strings on the D-branes. 

2. If we consider precisely the above coupling, there is an obvious problem. In 
general N p ^ N so the matrix multiplication and trace don't make sense. However, 
this is not an issue in the special cases where either iV = 1 or N p — 1, and it is 
this latter case which is of interest to us. However, for completeness we comment 
on the general case. First, note that we also need appropriate boundary conditions 
for the (matrix) coordinates X 1 ' orthogonal to the Dp-branes, i.e. strings should 
actually end on the Dp-branes. This condition should be implemented by requiring 
the eigenvalues of the X 1 ' at a = to be fixed to values corresponding to the position 
of a Dp-brane (which itself is given by the eigenvalues of scalars in the non-Abelian 
theory of the N p Dp-branes.) Intuitively, this is simply the requirement that each 
string ends on a specific Dp-brane. How many strings end on each Dp-brane is given 
by a choice of boundary conditions for the system. However, this mapping of iV string 
positions to N p Dp-brane positions, interpreted as a mapping between the N x N 
and N p x N p matrices describing the string and Dp-brane positions, will also provide 
a way to match the N x N matrices describing the string positions X 1 parallel to the 
Dp-branes with the N p x N p matrices describing the gauge field on the Dp-branes. 
However, as stated above we will only explicitly consider the case N p — 1 where the 
matching is trivial. 

3. Finally, we note that the coupling of a single open string to N p Dp-branes is 
usually described by inserting a Wilson loop into the standard open string partition 
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function, rather than simply including a boundary coupling in the open string action 
as we have done here. However, as discussed in [34] these two approaches are related. 
In fact the description of a single open string ending on a stack on N p Dp-branes in 
terms of a Wilson loop is expected to arise in the effective action, after integrating 
out interactions between the N p Dp-branes, giving rise to a "fat brane" with an open 
string ending on it. 

4.3 Nahm equation and noncommutative geometry of the D3-brane 

Let us now use the IIB matrix string theory as a probe to study the D1-D3 system 
and to derive the Nahm equation (see Figure 2). Since one can identify the endpoint 
of the open Fl-string with the D3-brane worldvolume, so one should be able to 
understand the Nahm equation as a boundary condition of the open Fl-string. In 
order to identify the worldvolume coordinates of the D3-brane with the Fl-string, 
we need to consider a matrix theory of Fl-string based on U(N) matrices. 

As we have seen in the last section, a NS B field will modify the (bulk) scalar 
interaction of the Dl-strings matrix theory quite complicatedly. On the other hand, 
the .B-coupling is a much simpler minimal coupling for the Fl-string since it is an 
electric source for the 5-field. For matrix strings, the interaction with the I?-field is 
naturally incorporated by the generalization of the usual coupling 

Sb:= 4^J 2WjB ^ ^ D aX»D b X»e ab . (4.10) 

With a constant 5-field, the boundary condition of the matrix Fl-string is modified 

to 

(d^X* + 2to'B ! J t I 3 ) = F 0i + F, l d T X j (4.11) 

2na' 

at the endpoint a = cr . It is convenient to group the last term with the _B-term on 
the LHS and write 

1 



2na 



- (d^X 1 + 2na\F i j + B 1 ^^) = F 0i . (4.12) 



Note that the LHS is precisely the boundary condition for a Fl-string in the presence 
of a background F + B. Since we would like to describe a D3-brane with a constant 
5-field on it but with no background F^, we will let Fij = and the boundary 
condition becomes 

— (deX* + 2 7 ra'B i j d T X j ) = F 0i . (4.13) 
Let us introduce the dual field strength F defined by: 

= ^-e^F af3 = -Lge^Fap. (4.14) 
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Here the convention for the Hodge duality operation is £0123 = 1 = — Ge 0123 . The 
boundary condition for the Fl-strings thus takes the form, 

— (<9 CT X* + 27ra'B i j d T X j ) = --^==F ik , (4.15) 

For reasons that will become clear later, we have allowed for the possibility that a 
nontrivial metric may appear on the D3-brane worldvolume when B ^ 0. 

To proceed, we need to identify F 0t with a configuration of the boundary values 
of the scalar fields X 1 of the Fl-strings. We propose that 

^To-W**'*'']' U = U,3, (4.16) 

This is the S-dual of the relation (3.13). This is reasonable as the 5-field couples 
to the Fl-strings only through the term (4.10) and there is no modification to the 
bulk scalar interaction as in (3.16) for the case of Dl-strings in a 5-field. Since the 
effect of the I?-field has already been taken into account by (4.10), it is reasonable 
to propose the identification (4.16) from the S-dual statement of (3.13) which holds 
for Dl-branes without 5-field. 

When there is no 5-field, G^ = rj^. On substituting (4.16), the boundary 
condition (4.15) yields 

1 d a X* = —^—\X\X% ij = 1,2,3, (4.17) 



2na' (27ra') 2 

at a = a . Here X % are the matrix coordinates of the Fl-strings. Since the boundary 
coordinates can be identified with the Dl-branes coordinates, and since the Fl-strings 
can end anywhere on the Dl-branes (see Figure 2), this equation actually describes 
the D3-brane and we arrive precisely at the original Nahm equation (2.11). 

Next we consider the case with B ^ 0. Since turning on £? 12 breaks the Lorentz 
group 5*0(1, 3) to 50(1, 1) x 50(2), a metric G^ u of the following form is allowed: 



G^ u — 



I -go o o o \ 
\ o 9l 
I o j 2 
\ g 3 J 



(4.18) 



where g = g 3 and gi = g 2 - The boundary condition (4.15) reads 

dvX* + 2volB i i d T Xi = l -^^[X\X h ]. (4.19) 

2A g gi 
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Dl expands as a D3-brane 
B 12 ^ \ F ^ string probe 




= a 



Figure 2: Fl-strings probing the D3-brane. 

Note that when there is no .B-field, the equation (4.19) can be solved by a static 
configuration. With a 5-field turned on, this is no longer the case. A simple ansatz 
for X 1 (t, a) is to make an amendment to the static ansatz as follows: 

X l (T,a)=X^a)l + Y\a), (4.20) 

where Xq and Y l satisfy 

daX* + 27ra , J B i i <9 T X J ' = 0, (4.21) 

{[Xi,X*]l + [Xil,Y k \ + [Y\X k l] + [Y^Y k ]) (4.22) 



o V i _ le ijk 9j9k 

(7 — n \ 



at the endpoint of Fl-strings. 

As was analyzed in [18-20], the mixed boundary condition (4.21) is not com- 
patible with the standard canonical quantization. The proper quantization taking 
into account the 5-field has been carried out in [18-20] with the essential result 
that the zero modes x become noncommutative. These results can be applied here 
immediately as the quantization problem is the same. The result in terms of Xq 
reads 

i9 lj , for a = a' = a 
0, otherwise 

where 6 ij = (2f«f(B(l - (2W) 2 B 2 )- 1 ) !J . For the present case B = B 12 ^ 0, it i 
(2W) 2 B 



[X^r,a),X^r,a')] 



(4.23) 



is 



9 LZ = 



6. 



and 6 %3 =0, otherwise. 



(4.24) 



(1 + (2WB) 2 

The equation (4.23) is precisely saying that Xq is becoming noncommutative at the 
point where the Fl-strings touch the Dl-branes. Thus X l Q can be thought of as the 
coordinates describing the underlying noncommutative D3-brane. 
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As for equation (4.22), we treat it as a classical equation and so the commutator 
of Y l with Xq vanishes. We obtain 

d^Y* = ^^e ijk (\y*, Y k ] + i06i) . (4.25) 
9o9i 

With Y l identified with the D3-brane coordinates, one can think of (4.25) as the 
equation describing the shape of the Dl-branes spike in Figure 2. Written explicitly, 
we have 

d a Y l = l -e^[Y\Y\ i,j = 1,2, 

d a Y 3 = ig -±(\Y\Y 2 ]+i6). (4.26) 
* 9o 

These are the equations which describe the D3-brane with 5-field from the Dl-strings 
point of view. 

An interesting result of this analysis is that the constant term 9 in (4.26) has 
a simple interpretation in terms of the noncommutative geometry of the D3-brane: 
[Xq, Xq] = i& %3 . With this as an input, we can now fix the metric components go and 
g±. Recall that in the presence of a B- field, the worldvolume theory of a D3-brane is 
given by a noncommutative Yang-Mills theory with noncommutativity parameters 
9^ and with the open string metric [17]. In contrast to the closed string metric 
9iivi G^ u is the effective metric seen by the open strings and is the one relevant for 
the description of the noncommutative Yang-Mills. In the present case with only 
B 12 ^ and = rj^, is given by (4.18) with 

<7„ = 1, 9i = l + X 2 B 2 . (4.27) 

And our (4.26) reproduces precisely the modified Nahm equation (2.19). 

This understanding of the Nahm equation as boundary conditions for the Fi- 
st rings has provided us with a more precise understanding of the physical meaning of 
the .B-field modifications in the Nahm equation (2.19) in terms of noncommutative 
geometry (6^ v and G^) of the open string in a background £>-field. 

5. C-field modification of the Basu-Harvey Equation 

Following a similar analysis as for the Nahm equation, we now show that the original 
Basu-Harvey equation describing an M5-brane can also be understood as a boundary 
condition of the theory of multiple membranes. 

One of the interesting features of the theory of the M5-brane is that the worldvol- 
ume field strength H satisfies a nonlinear self-duality condition. In the formulation 
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of [11], the three-form field strength H pv \ on the worldvolume of the M5-brane is 
expressed in terms of an auxiliary self-dual field strength h a bc = \^abcdefh de ^ as 

H puX = E;E u b E x c m b d m c e h ade = e^e^m' 1 )^ (5.1) 

where 

m b := 5 b - 2h acd h bcd , (5.2) 
The non-linear self-duality condition for H is 

= l^JL(g-^H vXp , (5-3) 



where g pu is the metric on the M5-brane, K := y 1 + 2 \H pvX g tll g vp g Xa H lpa . The 
metric 

g, u = E«E v \ab (5.4) 

has its vielbein given by 

E; := e b (m-\ a , (5.5) 

where e p is the vielbein of the metric g pu . It turns out this nonlinear self-duality 
condition will play an important role in our analysis below. 

5.1 The Basu-Harvey equation 

Let us first review the Basu-Harvey equation which has been proposed to describe 
the system of multiple M2-branes ending on an M5-brane. Consider the system 
with iV M2-branes lying in the 0,1,9 directions and the M5-brane in the 0,1,2,3,4,5 
directions. The Basu-Harvey equation is 

8 2 X l + i^e ijkl [X*, X k , X 1 } = 0, % = 2, 3, 4, 5. (5.6) 

Here (r, <7i, a 2 ) are the worldvolume coordinates of the membranes, X'l^) describes 
the transverse fluctuations to the M2-branes, K is a constant of mass dimension 3 
and €2345 = 1. In [5], X 1 is taken to be valued in an algebra A4 with generators T l , 
i — 1, • • • ,4 and the 3-bracket satisfies the S'0(4)-invariant relation 

\T\T\T k \=ie l3kl T l . (5.7) 

The Basu-Harvey equation is solved by 

X\<y 2 ) = f(a 2 )T\ (5.8) 

where 

= TO (5 ' 9) 
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Note that the operator C := ^(T*) 2 is central in the algebra (5.7) and so one can 
consider representations of the algebra (5.7) with constant values of this operator. 
For each such representation, the solution (5.8) describes a wedge of M2-branes 
which open up to the M5-brane and whose cross-section is described by a fuzzy 
three-sphere [39] with radius r 2 (<r 2 ) := J2(X 1 ) 2 given by 

rV,) = ^ (5.10) 

By choosing the values of the constants K and C appropriately, one reproduces 
precisely the radius-to-distance relation obtained from the M2-brane solution [28] 
solved in the M5-brane field theory 

r> 2 ) = (5.11) 

where 

Q = 3n 2 l P N (5.12) 

1/3 

for the M2-M5 branes system and lp = g s l s is the Planck length. For more general 
solutions to the Basu-Harvey equation and interpretation in terms of M-branes, see 
[40]. 

Just as the Nahm equation can be understood as a BPS equation in the Dl- 
branes Born-Infeld theory, the Basu-Harvey equation can also be understood as a 
BPS equation in the BL theory for multiple membranes [1-3]. This was originally 
derived for the BL theory based on the 3-algebra A4, although the argument applies 
equally to a BL theory based on a general Lie 3-algebra. However since the inner 
product for a Lie 3-algebra cannot be positive definite apart from the A4 case [41], 
the theory will necessarily contain zero or negative norm states. Therefore it is not 
clear whether these theories, and the resulting BPS equations, make sense. Attempts 
have been made to make sense of the BL theory of multiple membranes based on 
a particular form of Lorentzian 3- algebras [7]. The negative norm state there can 
be eliminated if one enriches the theory with additional fields such that there is an 
additional gauge symmetry. The resulting theory however turns out to be equivalent 
to the D2-brane supersymmetric Yang-Mills theory [8]. Nevertheless we do not rule 
out the possibility that for a certain specific kind of 3-algebra, the BL theory is 
physically well defined, perhaps after certain extensions and modifications of the 
original construction. 

Assuming such a theory of (an arbitrary number of) multiple M2-branes exists, 
the Basu-Harvey equation which describes the M5-brane where M2-branes end is 
presumably just the BPS condition of this theory. However since we do not have the 
knowledge of the form of the action as well as the supersymmetry transformations, 
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we will have to take a different route to derive this equation. As we will show next, 
the Basu-Harvey equation can be understood as the boundary condition of the M2- 
branes probing the M2-M5 intersecting system. The advantage of this approach is 
that much less knowledge about the structure of the theory of multiple membranes 
is needed to derive the boundary condition. 

5.2 Basu-Harvey equation as boundary condition of membrane theory 

Since eventually we will be interested in adding a 3-form C-field, and since the Born- 
Infeld type nonlinear generalization of the multiple membrane theory including the 
effects of the C-field is unknown, let us therefore use use the brane-probe approach 
to derive the Basu-Harvey equation as the boundary condition of the probing M2- 
branes. 

Let us first consider the case without C-field. To derive the boundary condition 
of the membrane, we will assume that the action (in the static gauge) contains the 
kinetic term 



where ( , ) denotes an inner product of the 3-algebra and • • • denotes fermions and 
gauge field kinetic terms and interaction terms. In the original BL theory, the kinetic 
term in (5.13) is the only term that contributes to the boundary condition of X 1 when 
the membranes are taken to be open. The • • • terms do not contribute. We will make 
the mild assumption that this will continue to be the case in the general theory of 
membranes. 

Now consider a system of multiple membranes extending in the 0,1,9 directions 
and growing into an M5-brane which extends in the 0,1,2,3,4,5 directions. For a 
single membrane ending on an M5-brane, the boundary of the membrane appears as 
a non-gravitational string sourcing the self-dual 2-form B on the M5-brane 



For multiple membranes, the boundary becomes multiple self-dual strings. Most 
generally, one would like to describe the coupling for multiple self-dual strings to 
multiple M5-branes, just as the coupling (4.4) for multiple strings with multiple D- 
branes. However this requires the knowledge of "non-Abelian" tensor multiplets and 
a representation of the 3-algebra. Without knowing this, we will have to be content 
with the coupling of multiple self-dual strings to a single M5-brane. This is analogous 
to the coupling of the center of mass string to a single D-brane f and can be 
written down easily 




(5.13) 




/x, v — 0, 1, • • • , 5, a,b = t, o\. 



(5.14) 




(5.15) 
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assuming the membrane is extended in X 1 and has a boundary at o 2 = 0. Taking 
a static gauge X° = r, X 1 = a±, it is easy to derive the boundary condition for the 
open membranes. It is 

8 a2 X l + F\ jk d T X 3 d ai X k = F m + F^jd^Xi + F iX 3 d T X\ i,j = 2, 3, 4, 5, (5.16) 

for cr 2 = 0. Here F := dB and H = dB + C is the self-dual 3-form field strength 
of the M5-brane. Note that the LHS is precisely the combination that will appear 
in the boundary condition of a membrane in the presence of a background 3-form 
C-field. In this section we do not consider such a C-field, so let us set the background 
Fijk = 0. 

As in the case of Fl-strings, it is convenient to introduce the dual field strength 
F defined by 

y/~~G 1 ~ 

pp,\ ._ _ e »v\af3 1F ^ = ____ e ^ Xa ^ Fa ^^ (5.17) 

where the Hodge star is taken with the convention 6012345 = 1 = -Ge 012345 . We 
have allowed for the possibility of having a non-trivial metric on the M5-brane 
in general. F 01t can thus be expressed in terms of the spatial components Fjm of 
the dual field strength. As for the components F 0l j and F U j, we will consider the 
case where they are equal to zero, which corresponds to a particular configuration of 
M5-brane. The equation (5.16) now reads 

d 2 X l = -^= e ijkl F jkl , i,j,k,l = 2,3,4,5. (5.18) 

Repeating the probe argument as for the Fl-strings, the M5-brane is defined by 
the equation (5.18) with an appropriate identification of the field strength Fjm with 
a certain configuration of the boundary value of X 1 . Inserting back properly the 
dimensional proportional constant K, we propose that 

F i * k = ifK[X i ,Xi,X k \, i,j,fc = 2,3,4,5, (5.19) 

where, in general, the scalar / is a function of the background C, and / = 1 when 
C — 0. We will make more comment on this relation in the discussion section. For 
now, let us mention that the relation (5.19) is consistent with the relation (4.16) for 
the Fl-strings. 

Back to our analysis. In the case when there is no C-field, the equation (5.18) 
reads 

d 2 X i ^i^e ijkl [X^X\X 1 }. (5.20) 

when the identification (5.19) is substituted. This is precisely the original Basu- 
Harvey equation. Here we have derived it as a boundary condition of the open 
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membrane. We note that the identification (5.19) allows us to represent the world- 
volume field strength of the M5-brane in terms of a 3-bracket of scalar fields of the 
M2-brane. It will be interesting to understand better its other implications in the 
physics of M2-branes and M5-branes. We also remark that when there is no C- 
field, one can also derive the Basu-Harvey equation as the boundary condition of the 
original set of M2-branes as in section 3. 

We also remark that in general it may be possible to find more general configu- 
rations of the M2-branes which also excite the components F 0l j and F U j. This will 
modify the equation (5.18). It would be interesting to understand what would be 
the identification of these components in terms of X and to understand the resulting 
equation which generalizes the Basu-Harvey equation; and to study the properties 
of these more general configurations of M5-branes. 

5.3 C-field modification to Basu-Harvey equation and the quantum geom- 
etry of the M5-brane 

Let us now incorporate a constant C-field on the M5-brane and ask how it modifies 
the Basu-Harvey equation (5.20). 

To start with, we recall that the system of M2-branes ending on M5-branes with 
a constant C-field (C012, C345 7^ 0) has been studied from the M5-brane point of view 
before [29, 30] where the M2-brane was constructed as a soliton of the M5-brane 
equation of motion. In the papers [29,30], a constant worldvolume field strength 
^012 = — ^345 = h = \ tan I was considered. The components of H and the auxiliary 
field h are related by if 012 = ^^p, -^345 = — ^ 2 f s - This is equivalent to a background 
with F = and a constant 3-form potential C 

_sina _ tana 

^012 — — ^ — j <^345 — ^ — 

due to the tensor-gauge symmetry which keeps H = C + F invariant. 

The M2-brane soliton extends in the X 9 = a 2 direction and has a cross-section 
R x S 3 where £3 is an ellipsoid described by 

x i %l A , (32 -cr 2 tan a) 2 

r 3 (cr 2 ) i r 4 (a 2 y r 5 (a 2 y r 2 {o- 2 ) 2 

Here the radii are 

r 2 = — — — , r\ = r\ = r\ = — cos a = r^cos 2 ^, (5.23) 

<7 2 COS 01 ' <J 2 

where Q is given by (5.12). This solution can be interpreted as a bundle of iV M2- 
branes coming out of the M5-brane. The <r 2 -dependent shift in the x 2 tells us that 
the M2-branes wedge is tilted away from the normal to the M5-brane with an angle 
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a. Similar to the case of the Dl-branes, the amount of tilting is determined by a 
balance of the pull on the boundary of the M2-branes due to the C-field component 
C012 and the M2-brane tension. 

To understand these results in terms of the M2-branes, we propose the following 
simple modification to the Basu-Harvey equation: 



where 



and tan a 



K 1 ! 2 ' 
4C where C :-- 



d 2 0* = l -^ei jkl [P, 4> l ] - 5\K 1 / 2 tan a, 



P = cos a, 

(1 +tan 2 a) 1 / 2 X i , fori = 3, 4, 5, 
X\ for i = 2, 



(5.24) 

(5.25) 
(5.26) 



-C345. Here X 1 is the variable to be used to match with 
the M5-brane soliton result reviewed above. The parameter /3, the shift in (5.24) and 
the scaling factors in (5.26) are fixed by matching with the radius r 2 , the a 2 -shift in 
(5.22), and the ratio of radii in (5.23) respectively. To derive this, we use the fact 
that the equation (5.24) is invariant under 5*0(4) rotations, implying that a solution 
which is spherical symmetric when written in <p can be constructed. This solution, 
when rewritten in terms of X, features the ellipsoidal cross sectional geometry and 
the <7 2 -dependent shift as in (5.22). 

Next we would like to derive the generalized Basu-Harvey equation (5.24) as a 
boundary condition of probe open-membranes. We start with a single membrane 
ending on an M5-brane with a constant worldvolume C-field. The coupling of the 
single membrane to the C-field is 



/ 



d 3 aC^ x d X^d 1 X v d 2 X ) 



For a membrane with endpoint at <7 2 = a 20 , the boundary condition reads 

1 



d 2 X l + C'jkdoX^d.X" 



i,3,k,l = 2,3,4,5. 



(5.27) 



(5.28) 



3!^^ 

Since our C-field configuration breaks 5*0(1, 5) — > 50(1, 2) x 50(3), one can expect 



the metric to be of the form: 
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For the analysis below, we do not assume any relation between this metric and the 
metric which appears in the self-duality condition of H . 

For multiple membranes, the natural generalization to the coupling (5.27) is 

Sc = J\j d3(xC ^ tT (DaX», D b X\ D c X x )e abc , (5.30) 

where D a (a = 0, 1, 2) is the covariant derivative on the multiple M2-branes theory. 
To write down this coupling, we have assumed that the 3-algebra A is equipped with 
a map 

tr : A® A® A -> C, (5.31) 
which is completely symmetric and is invariant in the following sense: 

tr([a, /3, f],g, h) + tr([/, [a, (3, g},h) + tr(/, g, [a, (3, h}) = 0. (5.32) 

In terms of generators, the map tr can be specified by the constants 

d abc = tr{T a ,T b ,T c ). (5.33) 

An explicit construction of the map tr has been given before in [43] for the case 
that the 3-algebra is given by the Lorentzian 3-algebra [7]. Another example is 
to take tr equal to the integration J d 3 y if the (infinite dimensional) 3-algebra is 
given by the Nambu bracket [/, g, h] = e^ k difdjgdkh over a 3-manifold with local 
coordinates y 1 ' 2,3 . Such an infinite dimensional 3-algebra has been employed in [44] to 
construct the M5-brane theory out of the multiple M2-branes theory. In general it is 
an interesting question to understand which class of 3-algebras admits such a map. It 
appears to us that this is an essential requirement for a theory of multiple M2-branes 
since one must be able to incorporate a coupling to the C-field and (5.30) is the most 
natural candidate of such a coupling. It would be interesting to understand better 
this mathematical property and how is could be incorporated into the classification of 
3-algebras suitable for BL theories [45]. It is possible that one needs a representation 
of A. 

In general, given the map tr, one can construct a linear and symmetrical product 
* on the 3-algebra 

*:A®A^A (5.34) 

by 

d abc 

f*9 = ^fa 9b T c , where f = f a T a , g = g b T b , (5.35) 

where T° = 1 is the identity operator defined by the property that [l,T b ,T c ] = 
for all b, c and by the normalization (1, 1) =1. We will assume that A has such an 
(unique) identity operator. If we also assume that, just as for Lie algebra, T° does 
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not appear on the RHS of a 3-bracket, i.e. f abc o = for all a, b, c, then it is easy 
to check that the condition (5.32) is solved by d 0ab = g? 000 5q5q. This implies that 
1*1 = 1. We will consider 3-algebra of this form in the following. With the aid of 
this product, the boundary condition for the probe M2-branes thus takes the form 
(i,j = 2,3,4,5), 

d 2 X* + CjtdoX* * 8^ = -J= €ijkl G jj G kk G u P ia (5.36) 

for a 2 = o"2o- As before we have set the field strength F l j k , F t0 j, F ll j = and content 
ourselves with considering an M5-brane whose shape is described by the components 
F 01 * of the field strength. 

Substituting the identification (5.19) into (5.36), we arrive at the equation 

i fK 

d 2 X* + C ijk doX* * d,X k = -L = = e im G .. GkkGn [ X 3, X\ X% i,j = 2, 3, 4, 5. 

6W—G 

(5.37) 

This equation is what one would expect to define an M5-brane from the open M2- 
branes theory. As in the case of the D3-brane, the equation (5.37) reproduces our 
Basu-Harvey equation (5.24) if we substitute the ansatz 

X i (T,<T 1 ,<T 2 )=X t Q (T,(T 1 ,<T 2 )l+Y i (<T 2 ), (5.38) 

where Xq(t, cti, a 2 ) and Y l (a 2 ) satisfy 

d 2 Xl + CijkdoXidiX* = 0, (5.39) 

d 2 Y* = -^=e^ l G n G kk G u ([X>, X k , X l ] + [Y\ Y k , Y 1 }) (5.40) 

at the endpoint of the probe M2-branes. Written more explicitly, this reads 

d 2 Y 2 = ifK( 9 -±f 2 ([X 3 , X 4 , X 5 ] + [Y 3 , Y\ Y 5 }) , (5.41) 
9o 

dzY 1 = if K(—) l / 2 e i2jk ([X 2 , X>, X k ] + [F 2 , Y\ Y k ]) , i,j,k = 3,4,5. (5.42) 
do 

This agrees exactly with (5.24) if 

/ = cos a, (5.43) 



9o 

and 



— = 1 + tan 2 a (5.44) 



[ x o,Xq,Xq] - 0, 

[XI Xl X l ] = i& kl , j, k,l — 3, 4, 5, (5.45) 
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where 

Qjkl = jki} & / 5 46 n 

K(l + C 2 ) 2 { ' 

We note that the relation (5.44) is precisely satisfied by the metric (5.4). In fact, 
for our C-field configuration, we find that the metric is of the form of (5.29) with 

4 G. 

A Oi COS 77 

9o = cos 4 -, 0i = 5.47 

2 cos 2 a 

It has been postulated in [21] that the metric Q^ u plays the role of the open membrane 
metric just as the open string metric for D3-brane in background 5-field. Our 
analysis verifies this claim independently. 

It is worthwhile to explore more deeply the meaning of the result (5.45). Since 
the boundary variables X l satisfy precisely the mixed boundary condition of an 
open membrane ending on an M5-brane with a C-field, one can identify X l Q as the 
coordinates of the underlying M5-brane. The variables Y l should be identified with 
the M2-brane excitations which describe the protruding M5-brane as an M2-branes 
wedge. Our result (5.45) implies that the M5-brane worldvolume should satisfy the 
quantum geometry relations (5.45) for a C-field configuration given by (5.21). The 
relation (5.45) was obtained with a physical gauge X = r, X 1 = (?i,X 9 = a 2 + <j 2 o- 
Properly covariantizing the results, we expect the quantum geometry of the M5-brane 
takes the form 

[X£,X£,X A ]=*O^ A , (5.48) 

where 

' elXI/X K(i-c^ A^, A = 0,1, 2, 

K (i+c^ /i,^,A = 3,4,5, (5.49) 
otherwise, 

and C := -4C 345 , C := 4C i 2 . 

The result (5.48) is intriguing. In the literature, there have been attempts [21] 
to try to deduce the quantum geometry of the M5-brane by following the same logic 
as in the D-brane case [18] by quantising an open membrane in the presence of a 
constant C-field. However the analysis is much more complicated due to the nonlinear 
nature of the membrane action and one can only do an approximate analysis. Since 
a canonical quantization is carried out, these results were expressed in terms of 
a non-vanishing commutator of the boundary string coordinate, that is, in terms 
of a noncommutative geometry. The expression is however quite complicated even 
with the simplification due to the approximation. Compared to these results, the 
quantum geometry (5.48) is expressed in terms of the 3-algebra and is much simpler 
and more elegant. Our result suggests that the correct language to express the 
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quantum geometry of the M5-brane in the presence of a constant C-field is in terms 
of a 3-bracket, rather than a commutator. 



6. Discussions 

In this paper, we have shown that the general Nahm equation which describes a 
D3-brane with worldvolume £>-field can be understood as the boundary condition 
of the matrix Fl-string which ends on it. This approach provides a clear physical 
understanding of the modifications, due to the 5-field, of the original Nahm equation: 
the constant shift in the Nahm equation is due to the noncommutative geometry of 
the D3-brane, and the scaling of the different components of the Nahm equation is 
due to the open string metric of the D3-brane. Applying the same idea to the M2-M5 
branes intersecting system, we showed that the modified Basu-Harvey equation we 
proposed can also be understood in terms of the boundary condition of the multiple 
membranes which end on the M5-brane if the quantum geometry of the M5-brane 
takes the form (5.48) and if the open- membrane metric on the M5-brane is given 
by the metric Q^ v which appears in the nonlinear self-duality condition of H . The 
prediction of the form of the quantum geometry of the M5-brane in the presence of 
a constant C-field is the main result of this paper. 

A crucial step in our proposed identification of the quantum geometry of the M5- 
brane is the identification (5.19) in the presence of the C-field. This is the analogue 
of the relation (4.16) for Fl-strings probing the D1-D3 system. Now, in (5.19) we 
had an arbitrary scalar function of the C-field, /, which in the system we considered 
in section 5.3 was given by f — cos a, so that the relation (5.19) reads 



An understanding of this relation can be obtained in the presence of the special 
configuration (5.21) of the C-field. It is easy to see that in this case the matrices m, 
and Q which appear in the nonlinear self-duality condition (5.3) of H = C + F are 
block diagonal of the form (5.29) and hence 



for some scalar function f(h). If we now substitute H = C + F and expand this 
relation around the given background C, we obtain 



F^ k = iK cos a[X\X j ,X k }. 



(6.1) 



Hijk — f(h)Hij k 



(6.2) 



F ijk = cos a F ijk + o(F 3 ) 



(6.3) 



This implies that we want the identification 



F ijk = iK[X\X j ,X k } + -- 



(6.4) 
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where • • • denotes possible higher order correction terms. We note that the relation 
(6.4) is indeed what one would expect. This can be seen by considering a dimensional 
reduction of the M2-M5 system on X 5 . In this reduction, it becomes a D2-D4 system 
with a worldvolume RR 3-form potential C( 3 ) = C dX°dX 1 dX 2 and a worldvolume 
NS 2-form potential B {2 ) = -C dX 3 dX 4 . The D2-D4 system has been studied in [54] 
and it is found that the D2-brane tilts away from the normal of the D4-brane with 
an angle a due to the NS 5-field. With a further T-duality on X 1 , it is easy to 
check that our Basu-Harvey equation (5.24) becomes the Nahm equation (2.19) for 
the resulting D1-D3 system if the 3-bracket is related to the commutator through 
the relation: 

[X\ X k , X 5 ] = [X\X k ]K 1 ' 2 , j, k = 2,3, 4. (6.5) 

Since i™ 5 is identified with i™ of the D3-brane theory, the relation (6.4) and (6.5) 
leads to F lj = \~ 2 [X\X j ] + • • • . This relation can be mapped to one for the Fi- 
st rings using the S'-duality map. The ^-duality map is nonlinear and in the leading 
order, it is S[F] — F. As a result we obtain precisely (4.16) for Fl-strings in the 
leading order. Hence we expect (6.1) to hold. 

Our derivation suggests that both (4.16) and (6.1) could be modified with cor- 
rections of higher order in F. This would imply higher order corrections to the 
Basu-Harvey equation and the Nahm equation, which presumably would describe 
stringy/M-theory corrections to the Blon description of the Dl and M2 spikes. It 
would be interesting to work this out in more detail. We also comment that for a 
more general configuration of C-field, the nonlinear self-duality condition will give 
rise to a more complicated relation than (6.2). It would be interesting to derive the 
corresponding identification (6.1). This should give a better understanding of the 
role of the open membrane metric, as well as a more precise description of both the 
M5- and M2-branes in C-field backgrounds. 

The quantum geometry expressed by (5.48) is intriguing. Before one can explore 
its physical consequences, it is necessary to understand more precisely the nature 
of this 3-bracket and to understand how to obtain the result (5.48) from a more 
fundamental approach. Let us further discuss these issues. 

On the first question, we would like to suggest that the 3-bracket is given by a 
Nambu bracket [46]. Some time ago, Nambu advocated a new form of mechanics 
based on the Nambu bracket. A natural general formulation of Nambu mechanics 
was analyzed in [47] . While the usual canonical quantization is suitable for quantising 
the symplectic structure of Hamiltonian mechanics, the volume preserving feature of 
the Nambu bracket suggests that it is relevant for the theory of the membrane [48]. 
We note that (6.5) holds in the classical limit if the 3-bracket is given by a Nambu 
bracket and if the commutator is given by a Poisson bracket. This strongly suggests 
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that the correct form of 3-algebra to be used in the theory of multiple membranes is 
given by a quantization of the Nambu bracket [42]. 

The quantization of the Nambu bracket is however a difficult problem. An 
interesting proposal using a non-associative algebra was originally considered by 
Nambu [46]. Deformation quantization was considered in [49], and quantization 
in terms of cubic matrices was analyzed in [50], see also [51]. Recently a class of 
Nambu brackets was constructed [42] using a consistent truncation, following the 
idea of fuzzy sphere construction. An interesting property of the multiple membrane 
theory based on a quantum Nambu bracket is that the entropy law N 3 ^ 2 for multiple 
membranes has a natural interpretation [42], further suggesting that the 3-algebra 
which is relevant for the formulation of the theory of multiple membranes is given 
by a quantum Nambu bracket. 

On the second question, we believe that, just like the case of D-branes, the 
relation (5.48) can be obtained by quantising the open M2-brane in the presence 
of the C-field. However it appears that treating the mixed boundary condition as 
a constraint and canonically quantising the system may not be the best way to 
proceed. It may be possible that a different choice of the quantisation variables and 
a reformulation of the quantization is necessary. The relation of Nambu mechanics to 
Hamiltonian mechanics has been explored in, for example, [52] . It will be interesting 
to explore if there is a way to reformulate the M2-brane quantization so that the 
final results take the compact form (5.48). 

Now back to the possible physical consequences of (5.48). In the case of D- 
branes, given the noncommutative geometry expressed in terms of a non-vanishing 
commutator, one immediately has a Moyal *-product representation of the noncom- 
mutative geometry which allows one to construct the noncommutative field theory as 
a higher derivative non-local deformation of the original theory. This framework has 
led to much interesting physics, including most notably, the IR/UV mixing effect [53] 
in noncommutative field theory, which provides a toy model to study nonlocal ef- 
fects in quantum gravity. For the present case, it will be interesting to understand 
how the geometry (5.48) can be realized. We think it is rather unlikely that (5.48) 
can be realized in terms of a deformed *-(binary)product. On the other hand, it 
appears that the content of (5.48) is naturally about a deformation of a ternary op- 
eration. It has also been suggested that the M5-brane worldvolume theory should be 
non-associative [55]. It will be very interesting to construct a physical model which 
is defined on a quantum space obeying relations of the form (5.48) and study its 
physical consequences. 

It is interesting to study more details of the dimensional reduction of the M2-M5 
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system to the D2-D4 system. In addition to (6.5), we also get from (5.48) 

^ xl > x ^ = i K{i-c*r (6 - 6) 

This relation says that a quantum geometry expressed in terms of a 3-bracket should 
appear on the D4-brane worldvolume as a result of the presence of the RR 3- form C(3). 
We can also dimensionally reduce the M2-M5 system on the X 1 direction. In this 
case, the system becomes a tilted Fl-string ending on a D4-brane with worldvolume 
RR 3-form potential C( 3 ) = — C dX 3 dX A dX 5 and a worldvolume NS 2-form potential 
B(2) = C dX°dX 2 . Among other things, we obtain from (5.48) this time the relation 

w*^ =i K<rh?r- (67) 

Again a quantum geometry of the same form as (6.6) appears due to a RR 3-form 
potential. It is known that RR-backgrounds can give rise to nontrivial quantum 
geometry in the form of nonanticommutativity [56]. More recently nonanticommu- 
tative geometry due to a RR 4-form potential [57] and its AdS/CFT dual has been 
studied [58]. We emphasis our relations in terms of a 3-bracket are different and 
provide a new kind of quantum geometry due to RR-potentials. These results are 
very intriguing. Since D-branes are much more under control than M-branes, by 
studying the quantization of the D4 system in the presence of a RR 3-form, it may 
be possible to derive the relations (6.6) and (6.7) rigorously, and in turn provide us 
with an understanding of the nature of the 3-bracket. 

The proper understanding of the 3-algebraic structure of the quantum geometry 
(5.48) should help us to understand and construct the theory of the "non-Abelian" 
tensor multiplet on multiple M5-branes. In the case of D-branes, the essential al- 
gebraic structure, Lie-algebra, for the construction of non-Abelian gauge theory for 
multiple D-branes is the same as in the theory of a single D-brane, though in the 
presence of a 5-field. We are optimistic that something similar is true for the M5- 
brane(s). 

Finally we remark that a piece of nontrivial information about the 3-bracket can 
be obtained by combining our result (5.48) with an uncertainty relation proposed 
in [55] for the M5-brane worldvolume in the limit of large C-field. The proposed 
relation takes the form (in our convention) 

5X 3 5X 4 5X 5 ~ (6.8) 
KG 

It is natural to expect that the uncertainty relation (6.8) follows from the quan- 
tum geometry described by (5.48). If this is the case, then (6.8) and (5.48) are in 
agreement if the 3-bracket obeys the scaling 

[.,.,•]- o(C 2 ) (6.9) 
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in the large C-field limit. This can be seen by introducing the rescaled variables 
Z % = X % {KC) 1 ^ and the rescaled 3-bracket [•,-,•]' = ^[t, - ], then our relation 
(5.48) can be written as [Z 3 , Z 4 , Z 5 }' = i. Now if [•,-,•]' is independent of C, and 
if (6.8) does follow from (5.48), then the C-dependence in (6.8) is reproduced. We 
note that this kind of nontrivial dependence on the S-field does not occur for the 
*-commutator in the case of noncommutative geometry of D-branes. The scaling 
limit (6.9) provides a constraint on the C-field deformation of the 3-bracket, or, on 
the 3-bracket itself if the remark in the previous paragraph is true. 
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